This talk summarizes the study of superfield gaugings of isometries of extended supersymmetric mechanics in hep-th/0605211, hep-th/0611247 and arXiv:0706.0706. The gauging procedure provides a manifestly supersymmetric realization of d = 1 automorphic dualities which interrelate various irreducible off-shell multiplets of d = 1 extended supersymmetry featuring the same number of physical fermions but different divisions of bosonic fields into the physical and auxiliary subsets. We concentrate on the most interesting N = 4 case and demonstrate that, with a suitable choice of the symmetry to be gauged, all such multiplets of N = 4 supersymmetric mechanics and their generic superfield actions can be obtained from the "root" multiplet (4, 4, 0) and the appropriate gauged subclasses of the generic superfield action of the latter by a simple universal recipe.
Introduction
In recent years, there has been a continuous effort to improve our understanding of d = 1 supersymmetric models (supersymmetric mechanics). These studies may be motivated as follows:
• The d = 1 models form a testing ground for higher-dimensional theories.
• The search for supersymmetric extensions of some well known d = 1 models such as the Calogero model requires a good knowledge of the basic structures of extended supersymmetry in d = 1.
• Among all supersymmetric models, of particular interest are the superconformal models, which play a role in black hole physics and AdS 2 /CFT 1 version of the general AdS/CFT correspondence.
We would like to emphasize that not all properties of d = 1 supersymmetric models can be recovered by reduction from higher dimensions. Surprisingly, there come out some new features which are specific just for the d = 1 case. First of all, this concerns the structure of the irreducible off-shell multiplets of extended supersymmetry in d = 1. These multiplets are characterized by three integer numbers (n 1 , n 2 , n 3 ) where n 1 is the number of physical bosons (a boson will be considered as physical if it appears with a second-order time derivative in the field equations), n 2 is the number of physical fermions (entering the field equations with a first-order time derivative) and n 3 = n 2 − n 1 is that of auxiliary bosons (possessing algebraic field equations). In most physically interesting cases n 2 coincides with the number N of supercharges. Not all of these off-shell multiplets can be obtained as a reduction of those of the d > 1 supersymmetries 1 . Some of them have as the d > 1 counterparts essentially on-shell multiplets (modulo a possibility of adding an infinite number of auxiliary fields as in the harmonic superspace approach). Many linear d = 1 multiplets have nonlinear "cousins" on which the relevant d = 1 supersymmetry is realized in an intrinsically nonlinear fashion.
In this report we shall focus on the case of N = 4 supersymmetric mechanics 2 . The list of N = 4, d = 1 multiplets ranges from the multiplet (4, 4, 0) with the maximal number 4 of physical bosons to the fermionic multiplet (0, 4, 4) having no physical bosons at all. These multiplets were described in [1, 2, 3] and also in [4] . It was observed that they are related to each other by the so-called d = 1 automorphic dualities
These relationships were established in [1] - [4] at the linear level of free actions. Further work on these multiplets and the relationships between them was carried out in [5, 6, 7, 8] . Of particular relevance is the article [7] where, at the component level, many results related to the linear and nonlinear automorphic dualities were summarized and the role of the "root" multiplet (4, 4, 0) as the generating one for other N = 4 multiplets was pointed out. Recently, in a series of three articles [9, 10, 11], we described a systematic superfield way to relate various N = 4 multiplets using the procedure of gauging isometries in superspace. The present report is a brief summary of this superfield gauging procedure. Before turning to the subject, let us recall a few facts about N = 4, d = 1 superspace.
2 N = 4 Superspace 2.1 Standard superspace N = 4, d = 1 superspace is parametrized by the time t and four Grassmann variables which may be organized in two complex doublets θ i ,θ i , (i = 1, 2) with respect to one of the two commuting SU(2) automorphism groups of the N = 4, d = 1 Poincaré superalgebra. The covariant spinor derivatives are given by
Various N = 4 multiplets may be described in superspace using the following superfields.
• (4, 4, 0) : q ia (t, θ,θ) , i = 1, 2, a = 1, 2 In order to contain the right number of fermionic fields, this superfield should satisfy the supersymmetric constraints:
The component fields contained in this superfield are four bosons f ia (t) = q ia | θ=θ=0 and four fermions χ
• (3, 4, 1) :
This real superfield already features the right number of physical bosons and fermions. The right number of auxiliary fields is guaranteed by the second order constraints:
• (0, 4, 4) : ψ ia (t, θ,θ) is fermionic and satisfies the same constraints as in (2.3).
One can also define "mirror" counterparts of these multiplets, with another SU(2) factor of the full N = 4, d = 1 automorphism group SO(4) ∼ SU(2) × SU(2) being manifest. These two sets of irreducible off-shell N = 4, d = 1 multiplets are actually distinguishable only if they are considered pairwise. For simplicity, we shall consider only the above set.
Harmonic superspace
A convenient way to solve constraints of the type (2.3) is to use the harmonic superspace approach [12, 13] . It consists in adding new harmonic coordinates u ± i such that
Since new coordinates have been introduced, one can also define new derivatives
Let us project the superfield q ia and the derivatives
The constraints (2.3) now can be equivalently rewritten as
Superfields satisfying these constraints are called analytic. As in the case of chiral superfields, the meaning of these constraints is that the superfield q +a depends only on half of the odd coordinates of harmonic superspace,
The superfield q +a also depends on the new harmonic coordinates u ± i . However, according to (2.8), this dependence is very restricted, being just linear. This restriction can be concisely reformulated as the harmonic constraint:
The analyticity conditions (2.9) supplemented with the harmonic constraint (2.10) yield an equivalent superfield formulation of the multiplet (4, 4, 0). The multiplet (3, 4, 1) also has a simple description in harmonic superspace. Again, we project the superfield W ij on u
Then the constraints (2.4) and the definition (2.11) amount in harmonic superspace to
Two remarks are in order :
• All constraints written so far are off-shell, i.e. they do not restrict the time dependence of the surviving fields. In d = 4, the same kind of constraints would lead to field equations.
• All constraints written so far are linear in superfields. However, as was already mentioned, there exist nonlinear extensions of these constraints. This is a peculiarity of d = 1.
Free actions
Let us give the superspace and component forms of the free action of the above multiplets.
• (4, 4, 0) :
• (2, 4, 2) :
Here the symbol ∼ means "up to a numerical renormalization constant".
Gauging a symmetry
Now we are prepared to show that the chain of the automorphic dualities (1.1) amounts to gauging certain symmetries implementable on the multiplet (4, 4, 0) and choosing the appropriate gauge-fixing conditions.
3.1 Transformations of the "root" (4,4,0) multiplet
As stated above, the (4, 4, 0) multiplet is described in harmonic superspace by a superfield q +a , a = 1, 2, satisfying the constraints (2.9) and (2.10). We shall now need transformations of this superfield which are symmetries of the classical action. As a first step, we require that these transformations leave invariant the constraints. This is the case for the following transformations
4. Scale transformation: δ 3 q +a = λ 3 q +a .
The transformations 1, 2 and 3 are invariances of the free action of the (4, 4, 0) multiplet. Requiring invariance under the rescalings 4 picks up a more complicated action, with a nontrivial bosonic target space metric.
An example: gauging a shift symmetry
To explain the basic idea, we specialize to the case of a shift symmetry with m a b = δ a b . The gauging procedure as its first step involves replacing the global parameter λ 1 by a superfield Λ 1 (t, θ,θ, u) which depends on the coordinates of harmonic superspace. We require the local transformations to respect the analyticity, and thus Λ 1 is an analytic superfield
The harmonic constraint needs to be covariantized. This can be done by introducing an analytic gauge superfield V ++ (t A , θ + ,θ + , u ± ) with the gauge transformation law
Then, the covariantized harmonic constraint reads
The D −− derivative also needs to be covariantized. We introduce a non-analytic superfield V −−
with the gauge transformation
Since the superfield parameter Λ 1 has zero charge, the derivative D 0 needs not be covariantized. We then have the algebra
This equation determines V −− in terms of V ++ . The covariantization of the free action is
The gauge transformation (3.12) implies 
We recognize W ++ as the superfield providing the harmonic superspace description of the (3, 4, 1) multiplet. The gauge invariant action S g reduces to the free (3, 4, 1) action.
Instead of a supersymmetric gauge, we might equally choose the Wess-Zumino (WZ) gauge
the only surviving component in V ++ being the gauge field A(t). Notice the very unusual fact that only one bosonic field A(t) remains in the supermultiplet in the WZ gauge. The reason why this is possible and compatible with supersymmetry is explained in [9] . The residual gauge freedom of the component fields is given by
In WZ gauge, the gauge invariant action S g becomes, in terms of components,
The essential degrees of freedom are revealed by imposing the further (unitary) gauge
The action then becomes
The remaining fields are a triplet of physical bosons f (ia) , a complex doublet of fermions χ a ,χ a and an auxiliary field A. This is just the component content of the (3, 4, 1) supermultiplet. A Higgs-type phenomenon has occurred, the gauge field has "eaten" a Goldstone boson to become an auxiliary field.
In order to reproduce the most general sigma-model type superfield action of the multiplet (3, 4, 1) ↔ W ++ , one should start from the general superfield q + action invariant under the shifts (3.12) and pass to the gauged action by the same rules as above.
General results
Here we sketch the results of applying the gauging procedure to other q +a symmetries listed in Sect.3.1. Details can be found in [9] - [11] .
Cases considered
As follows from the simple example above, the number of physical bosons which disappear in the process of gauging is equal to the number of gauge symmetries. We have studied the cases • One isometry [9] : (4, 4, 0) ⇒ (3, 4, 1 ) .
• Two isometries [11] : (4, 4, 0) ⇒ (2, 4, 2) .
• Three isometries [9, 10] : (4, 4, 0) ⇒ (1, 4, 3) .
We have considered the case of general interacting q + Lagrangians, which may be interpreted as describing the motion of a point particle on a curved manifold. Moreover, the point particle may be interacting with an external magnetic field. If an abelian symmetry is gauged, it also becomes possible to generate a potential term in the final action from a Fayet-Iliopoulos term
combined with the superfield q +a coupling to an external magnetic field. [9] : (4, 4, 0) ⇒ (3, 4, 1)
One isometry
We distinguish the options related to three different one-generator groups listed in Sect.3.1
• Shift isometry:
One can obtain the general action of the linear (3, 4, 1) multiplet (including both the sigma-model type and superpotential type terms) in two different ways, starting from -Linear harmonic constraints (2.10) and a general shift-invariant action of the corresponding analytic (4, 4, 0) superfield q +a ;
-General non-linear shift-invariant harmonic constraints generalizing (2.10) and a sum of the "free" superfield bilinear q +a action 3 and a general shift-invariant coupling of q +a to an external magnetic field.
• Rotational isometry: One starts from the subclass of general q +a actions which enjoys invariance under the transformations 3 defined in Sect.3.1 (this particular action still contains both the sigmamodel and superpotential parts) and gauges this isometry by the analytic superfield V ++ , quite analogously to the shifting case worked out in Sect.3.2. The general W ++ action is reproduced in the supersymmetric unitary gauge analogous to (3.12) under the identification W ++ ∼ q +a c ab q +b . As opposed to the case of a shifting isometry, the genuine free (4, 4, 0) action already leads to an interacting (3, 4, 1) action. Moreover, the FI term directly yields the known [14, 5] conformally invariant (3, 4, 1) potential term.
• Scale isometry:
Once again, one starts from the appropriate invariant (under the transformations 4 of Sect.3.1) subclass of the generic q +a actions. The new feature of this case is that in the unitary-type gauge the linear constraint (2.10) leads to the non-linear (3, 4, 1) constraint
The outcome is the most general superfield action of this nonlinear (3, 4, 1) multiplet 4 .
4.3 Two isometries [11] : (4, 4, 0) ⇒ (2, 4, 2)
The various cases which have been studied are
• Two shift isometries (abelian):
The linear (4, 4, 0) multiplet leads to a linear twisted chiral (2, 4, 2) multiplet
• One rotational and one scale isometries (abelian):
The linear (4, 4, 0) multiplet leads to a non-linear twisted chiral (2, 4, 2) multiplet
• One shift and one scale isometries (non-abelian): Again, the linear (4, 4, 0) multiplet leads to a non-linear twisted chiral (2, 4, 2) multiplet. Notice that the relevant Killing vectors T 1 = u +a ∂ ∂q +a (the shift isometry) and T 3 = q +a ∂ ∂q +a (the scale isometry) form a non-abelian solvable algebra
Note that in the case of two isometries it turns out advantageous to use the bridge between the analytic gauge group (the so called λ group) and the gauge group with a parameter independent of harmonics (the so called τ group). Let us describe this bridge in the case of a scale isometry. The gauge-covariantized harmonic constraint on the "root" multiplet reads
We introduce the non-analytic gauge superfield v such that
4 More general types of nonlinear (3, 4, 1) multiplets can be obtained, starting from q +a subjected to some nonlinear harmonic constraints which are still covariant under the scale transformations [15] . 5 It becomes the standard chiral N = 4, d = 1 superfield after switching to the alternative basis in N = 4, d = 1 superspace, with another automorphism SU (2) group ⊂ SO(4) ∼ SU (2) × SU (2) being manifest.
Then the non-analytic superfield Q +a = e −v q +a satisfies a simple harmonic condition
The price to pay is that the Grassmann analyticity constraint on q +a , being rewritten in terms of Q +a , displays a connection term. Four ordinary N = 4, d = 1 superfields Q ia satisfying the corresponding nonlinear version of the analyticity constraint and undergoing τ 3 gauge transformation, eqs. (4.23), provide an alternative description of the nonlinear (3, 4, 1) multiplet in the ordinary N = 4, d = 1 superspace. Gauging away one of these superfields using the τ 3 gauge freedom leaves us with 3 superfields satisfying some nonlinear constraint. In the case of two isometries one has two independent τ gauge parameters which are capable to gauge away two out of four superfields. The remaining two superfields satisfy the linear or nonlinear chirality constraints (4.21) or (4.22). [9, 10] : (4, 4, 0) ⇒ (1, 4, 3) We have considered the cases of three mutually commuting shift transformations (abelian symmetry group, item 1 in Sect.3.1, with m a a = 0) and of three rotations (non-abelian symmetry group SU(2), the item 2 in Sect.3.1). In both cases, the general gauge invariant action of the linear (4, 4, 0) multiplet leads to the general action of the multiplet (1, 4, 3) . A peculiar feature of this construction is that the (1, 4, 3) superfield Ω satisfying the constraints (2.5) is obtained from an analytic gauge prepotential V through the formula
Three isometries
where Λ −− is an analytic superfield gauge parameter. By definition, Ω is gauge invariant. Only the non-abelian gauging allows one to keep track of the superconformal properties of all involved superfields. In this case, the gauging procedure preserves the superconformal D(2, 1; α) (α = 0) covariance of the harmonic (4, 4, 0) constraint. This property is conducive to the existence of a new mechanism to generate a conformal potential term for the (1, 4, 3) multiplet via a superconformal coupling of the latter to the fermionic multiplet (0, 4, 4) .
Conclusion
In summary, all known N = 4, d = 1 off-shell multiplets in the superfield description can be obtained from the "root" analytic (4, 4, 0) superfield q +a by gauging some symmetries realized on q +a . This provides a manifestly supersymmetric formulation of the "d = 1 automorphic duality". Linear as well as non-linear multiplets can be obtained in this way, depending on the choice of the symmetry group to be gauged. Among the directions of further study it is worth mentioning an extension of the gauging procedure to the case of superfields q +a subjected to the most general nonlinear harmonic constraints [15] , an analysis of implications of this procedure for the superfield actions involving both the standard and "mirror" N = 4 multiplets and, finally, a generalization to the case of N = 8 supersymmetric mechanics, with the "root" multiplet (8, 8, 0) [16, 8] . On this way, we hope to discover new models of supersymmetric mechanics and to get deeper insights into the geometric and algebraic structure of the known models.
